
WORKSHEET 1

INTRODUCTION TO TOPOLOGY

Problem 1. Consider the Euclidean metric, the taxicab metric, and the max metric on R2:

dE(p, q) :=
√

(p1 − q1)2 + (p2 − q2)2,

dT (p, q) := |p1 − q1|+ |p2 − q2|,
dM (p, q) := max(|p1 − q1|, |p2 − q2|).

Draw the open unit ball {q ∈ R2|d�(0, q) < 1} with respect to each of the three metrics.

Problem 2. Determine all possible topologies on the two-point set X = {a, b}.

Problem 3. Prove that a topology T on a set X is the discrete topology if and only if {x} ∈ T for
all x ∈ X.

Problem 4. Consider the three-point set X = {a, b, c}. For each n = 2, . . . , 8 either find a topology
on X consisting of exactly n open sets or prove that no such topology exists.

Problem 5. Determine whether each of the following collections of subsets of R gives a topology
on R:

(a) {∅,R}.
(b) {U |U ⊂ R}.
(c) {∅} ∪ {U |U ⊂ R and R \ U is finite}.
(d) {∅,R, {1}, {2}}.
(e) {∅,R, [0, 1)}.
(f) {∅} ∪ {U |U ⊂ R and [0, 1] ⊂ U}.
(g) {∅,R} ∪ {(a, b) ⊂ R|a, b ∈ Q}.
(h) {∅,R} ∪ {(−∞, b) ⊂ R|b ∈ R}.

Problem 6. Determine the coarsest topology on R that contains the open sets (0, 2) and (1, 3).

Problem 7. Show that B = {[a, b) ⊂ R|a < b} is a basis for a topology on R (known as the lower
limit topology).

Problem 8. Consider the following six topologies on R: the trivial topology, the discrete topology,
the finite complement topology, the standard topology, the lower limit topology, and the upper
limit topology. Show how they compare to each other (finer, strictly finer, coarser, strictly coarser,
noncomparable) and justify your answer.
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