WORKSHEET 4

INTRODUCTION TO TOPOLOGY

Problem 1. Let X = {(z,0) € R%|z € R}. Describe the topology X inherits as a subspace of R?
with the standard topology.

Problem 2. Let Y = [—1, 1] have the standard topology. Which of the following sets are open in
Y and which are open in R?

(a) A=(-1,-1/2)uU (1/2,1)

(b) B=(-1,-1/2]U[1/2,1)

(¢c) C=[-1,-1/2)U(1/2,1]

(d) D=[-1,-1/2]U[1/2,1]

Problem 3. Let X be a topological space, and let Y C X have the subspace topology. Suppose C
is a subset of Y. Prove that C is closed in Y if and only if C = D NY for some closed set D C X.
Problem 4. For each subset A C R, determine whether the standard topology on A is the discrete
topology:

(a) A={% eRlneZs}.

(b) A= {% € Rln € Z+} U {0}.

(c) A=Q.

Problem 5. Is the finite complement topology on R2? the same as the product topology on R2
that results from taking the product Ry. x Ry., where Ry, denotes R with the finite complement
topology?

Problem 6. Let X and Y be topological spaces, and assume that A C X and B C Y. Prove that
the topology on A x B as a subspace of the product X x Y is the same as the product topology on
A x B, where A and B have the subspace topologies inherited from X and Y respectively.
Problem 7. Let S? be the sphere, D be the disk, T’ be the torus, S! be the circle, and I = [0, 1]
with the standard topology. Draw pictures of the product spaces S2x I, T xI,S' xI,Ix1I, S' xS,
and S' x D.

Problem 8. Show that if X and Y are Hausdorff spaces, then so is the product space X x Y.

Problem 9. Let X =R in the standard topology. Take the partition
X = { (] (_170]» (07 1}, (172L- . }
Describe the open sets in the resulting quotient topology on X*.
Problem 10. Define a partition of X = R?\ {0} by taking each ray emanating from the origin as
an element in the partition. Which topological space appears to be topologically equivalent to the

quotient space that results from this partition? What if we use the partition consisting of full lines
through the origin, minus the origin point.

Problem 11. Provide an example showing that the quotient space of a Hausdorff space need not
be a Hausdorff space.

Problem 12. Consider the equivalence relation on R (with the standard topology) defined by = ~ y
if x —y € Z. Describe the quotient space that results from the partition on R into the equivalence
classes in this equivalence relation.

Problem 13. Consider the equivalence relation on R? (with the standard topology) defined by
(x1,22) ~ (y1,y2) if 1 + 22 = y1 + y2. Describe the quotient space that results from the partition
on R? into the equivalence classes in this equivalence relation.
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