PROBLEM SET 2

INTRODUCTION TO MANIFOLDS

Problem 1. (a) Suppose 8 € Li(R") is symmetric and v € Lg(R"™) is alternating. Compute
SB,AB, Sw, and Aw.

(b) Show that a! ® o ® a® cannot be expressed as the sum of a symmetric part and an alternating
part, where {a'} is the standard basis for (R™)*.

Problem 2. Suppose ,..., 8% and 4%,...,~* are elements of L;(R") = (R™)*.
(a) Prove that if

k
ﬁi:Zaévj, fori=1,...,k,
j=1

for some k x k matrix A = [a%], then
BYA L ABE =det(A)y AL A

(b) Prove that B' A ... A B¥ # 0 if and only if 8',..., 8¥ are linearly independent in (R™)*.
(c) Assuming $',...,% and v!,...,7"* are indeed linearly independent, show that they have the

same span in (R™)* if and only if

BN ABE=Cyt AL AP

for some nonzero number C' € R.
Problem 3. Let {a!,a?, a3} be the dual basis to the standard basis {e;, e2,e3} on R3. To each
1-covector o = a1a1 + a2a2 + a3a3 S 141(]1%3)7 we associate a vector v, := aije1 + ases + azez € R3.
To each 2-covector v = 10?2 Ao+ cad Aol +ezal Aa? € AQ(RS), we associate a vector v, :=
cre1 + caeg + cses € R3. Show that for any 1-covectors o and 3, we then have Varg = Vo X Va.

The following two problems are optional. They will not contribute to or detract
from your grade, but you are encouraged to attempt them.

Challenge 1. Prove Poincare’s Lemma for 1-forms on R3: If w is a differential 1-form on R® such
that dw = 0, then w = df for some f € C(R3).

Challenge 2. Recall that w € Ay(V) is decomposable if w = S* A ... A B* for some 1-covectors
BY,...,B3% on V. Prove that w € A,_;(R") is always decomposable.
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